Abstract: In this paper, we define the generalized Lejmi's P J operator on a compact almost Kähler 2n-manifold. We get that J is C ∞ -pure and full if dim ker P J = b 2 − 1. Additionally, we investigate the relationship between J-anti-invariant cohomology introduced by T.-J. Li and W. Zhang and new symplectic cohomologies introduced by L.-S. Tseng and S.-T. Yau on a closed symplectic 4-manifold.
Introduction
For an almost complex manifold (M, J), T.-J. Li and W. Zhang [18] introduced subgroups, H ψ → 1 2 ∆ g ψ − 1 4 g(∆ g ψ, ω)ω.
with repeated indices summed over. Note that * s * s = 1, which follows from Weil's identity [14, 23] In particular, if n = 2,
Primitive de Rham cohomology of degree two
An almost Kähler structure on a real manifold M of dimension 2n is given by a triple (g, J, ω) of a Riemannian metric g, an almost complex structure J and a symplectic form ω, which satisfies the compatibility relation
We say that the almost complex structure J is ω compatible if it induces a Riemannian metric via (2.1). Suppose that (M, g, J, ω) is a closed almost Kähler 2n-manifold. The almost complex structure J acts on the space Ω 2 of smooth 2-forms on M as an involution by
This gives the J-invariant, J-anti-invariant decomposition of 2-forms (see [6] ):
where H 2 (M ; R) is the 2-nd de Rham homology group. In particular, if (M, g, J, ω) is a closed almost Kähler 4-manifold, then the Hodge star operator * g gives the well-known self-dual, anti-self-dual decomposition of 2-forms:
as well as the corresponding splitting of the bundles (see [6, 7] )
The Hodge-de Rham Laplacian commutes with * g , so the decomposition (2.5) holds for the space H 2 g of harmonic 2-forms as well. By Hodge theory, this induces cohomology decomposition by the metric g:
One defines (see [7] )
It is easy to see that
and (2.6) can be written as
There are the following relations between the decompositions (2.3) and (2.5) on an almost Kähler 4-manifold (cf. [6, 7] ):
+ and b − be the second, the self-dual and the anti-self-dual Betti number of M , respectively. Thus
It is easy to see that, for a closed almost Kähler 4-manifold (M, g, J, ω), there hold (see [9, 10, 21] ): [22, 24] ). Here L is the Lefschetz operator (see [4, 22, 24] ) which is defined acting on a k-form
Define the space of primitive k-forms by Ω k 0 . Specifically,
where Ω + J,0 is the space of the primitive J-invariant 2-forms. We consider the following second order linear differential operator on Ω 2 0 .
where ∆ g is the Riemannian Laplacian with respect to the metric g(·, ·) = ω(·, J·) (here we use the convention g(ω, ω) = n).
Lemma 2.1. P J is a self-adjoint strongly elliptic linear operator with kernel the primitive g-harmonic 2-forms.
Proof. We claim that
where W g is the Weyl tensor (see [3] ), ∇ g is the Levi-Civita connection, s g is the Riemannian scalar curvature with respect to the metric g and T r(ω · Ric · ψ) = Σ i,j,k ω ij R jk ψ ik is the trace of ω ⊗Ric⊗ψ. Indeed, by Weitzenböck-Bochner formula (see [3] ), we will get
On the other hand,
Here we compute (2.9) and (2.10) under the local coordinates system (
). In addtion, we suppose (ω ij ) to be the local representation of ω. Similarly, ψ = (ψ ij ), Ric = (R ij ) and R = (R ijkl ), where Ric is the Ricci curvature tensor and R is the Riemannian curvature tensor with respect to metric g . By (2.9) and (2.10), we can get the above claim. It is easy to see that P J − ∆ g is a linear differential operator of order 1. So the operator P J is a self-adjoint strongly elliptic linear operator of order 2.
It remains to prove that the kernel of P J is the space of the primitive g-harmonic 2-forms, that is,
Hence, dψ = d * ψ = 0 and ψ is a primitive g-harmonic 2-form. So we get ker Proof. For any α ∈ ker P J , α is primitive and harmonic. So dα = 0, d * g α = 0 and α can be written as α = β α + γ α , where
So we can get
and we can get Remark 2.4. In case n = 2, on a closed almost Kähler 4-manifold, Lejmi [16] proved that P J preserves the decomposition
In [1] , D. Angella and A. Tomassini define
for r, s ∈ N. Obviously, for every k ∈ N, one has
A natural question is that when the above inclusion is actually an equality, and when the sum is a direct sum. Fortunately, Angella and Tomassini have proved that
Here we want to emphasize that ker
It is well known that on any closed almost complex 4-manifold (M, J), J is C ∞ pure and full (see [9] ). But we can not get this result in higher dimension. In [12] , A. Fino and A. Tomassini showed the existence of a compact 6-dimensional nil-manifold with an almost complex structure which is not C ∞ pure, i.e., the intersection of H + J (M ) and H − J (M ) is non-empty. They also prove that on a compact almost complex 2n-manifold (M, J), if J admits a compatible symplectic structure, then J is C ∞ pure. With this result and by studying the dimension of dim ker P J , we can get the following theorem.
Theorem 2.5. Suppose that (M, g, J, ω) is a closed almost Kähler 2n-manifold, if dim ker P J = b 2 − 1, then J is C ∞ pure and full and
Moreover, J is pure and full.
Proof. In [12] , A. Fino and A. Tomassini showed that J is C ∞ pure if (M, g, J, ω) is a closed almost Kähler 2n-manifold. In [9] , T. Draghici, T.-J. Li and W. Zhang proved the same result on a closed almost Kähler 2n-manifold. Next, we will prove that J is C ∞ full under the condition of dim ker
Hence,
It is easy to see that H
So we will get h
Therefore, by (2.12), (2.13) and (2.14),
Clearly, h [2] ). Also by Theorem 3.7 in [12] , we can get that J is pure and full. This completes the proof of the Theorem.
In the above theorem, dim ker P J = b 2 − 1 is just the sufficient condition but not the necessary condition for J's C ∞ pureness and fullness. Just by J's C ∞ pureness and fullness, we can not get dim ker P J = b 2 − 1. Indeed, we have the following counter-example which is constructed by T. Draghici ([8] ). Example 2.6. (also cf. [2] ) Let T 4 be the standard torus with coordinates {x 1 , x 2 , x 3 , x 4 }. Denote by (g 0 , J 0 , ω 0 ) be a standard flat Kähler structure on T 4 , so (T 4 , ω 0 ) has the hard Lefschetz property (cf. [24] ), that is, the map
is an isomorphism for all k 2. We choose
so J 0 is given by
Equivalently, J 0 may be given by specifying
Consider the almost complex structure J given by
where m = m(x 2 , x 4 ) is a positive periodic function on x 2 , x 4 only. It ie easy to see that Λ
and J is compatible with ω 0 .
We claim that we can choose m such that h
, we have By the maximum principle, it follows that A = const. Plugging this back in (2.17), we see that B must satisfy
It is easy to see that the compatibility relation of this system is B(log m) 42 = 0.
Thus, if (log m) 42 = 0 (Indeed, it will be sufficient that the locus of (log m) 42 has zero Lebesgue measure.), the only solutions for (2.16) are A = const and B = 0, hence h − J = 1. We choose m = e sin 2π(x 2 +x 4 ) to be a positive periodic function on T 4 such that (log m) 42 = −4π 2 sin 2π(x 2 + x 4 ) has zero Lebesgue measure. So on (T 4 , g, J, ω 0 ), h J is C ∞ pure and full.). Additionally, Lejmi [16] proved that, on a closed almost Kähler 4-manifold (M, g, J, ω), the kernel of P J consists of primitive harmonic 2-forms and dim ker 
By the above example, we want to propose the following question:
Question 2.7. On any closed symplectic 4-manifold (M, ω), is there a ω-compatible (or ω-tame) almost complex structure J such that dim ker
Remark 2.8. On any closed symplectic 4-manifold (M, ω), if an almost complex structure J is tamed by symplectic form ω and h − J = b + − 1, then it implies that there exists the generalized ∂∂-lemma (cf. [17, 20] ).
The above example T 4 admits a Kähler structure (g 0 , J 0 , ω 0 ). In Section 3, we will give a non-Kähler example M 6 (c) which is constructed by M. Fernández, V. Muñoz and J. A. Santisteban. They have proven that M 6 (c) does not admit any Kähler metric (cf. [11] ). We will prove that there exists an almost complex structure J on M 6 (c) such that dim ker P J = b 2 − 1. Please see the Example 3.3.
3 Primitive symplectic cohomology of degree two L.-S. Tseng and S.-T. Yau [22] considered new symplectic cohomology groups
.
on a compact symplectic manifold (M, ω) of dimension 2n. We denote the spaces of
and dd Λ -harmonic (see [22] ) if
where 
Hence, we can get the following decompositions
where
In particular, if n = 2,
Proof. Let us begin with the first assertion of the Theorem. We claim that H
Hence, d Λ α = 0. Also by Weil's identity, we have
For the other hand, it follows straightforwardly from the definitions of H
In the following, we suppose that (M, g, J, ω) is a closed almost Kähler 4-manifold. Then it is easy to see that Ω − g = Ω + J,0 . So Ω 2 can be written as
, it can be written as
Since dω = 0, we have d(f α ω) = df α ∧ ω = 0. It follows that f α = c α is a constant since ω is nondegenerate. Let
Hence, α 1 is still in H 2 d+d Λ and α 1 can be written as
g . By Lejmi lemma [16] and Hodge decomposition [7] , α
where It is helpful to have explicit examples showing clearly the differences between the different cohomologies and ker P J discussed above. For this we consider the following examples. By the above table, we can see that (M, ω) does not satisfy the hard Lefschetz property. It is easy to see that the dimension of ker P J is equal to b 2 − 1 = 3.
